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Abstract. Let A" be a strictly henselian field of mixed characteristic (0,p). We describe explicitly the 
action of the absolute Galois group of K on the prime-to-p etale fundamental group of the projective line 
P^- minus finitely many points. This allows us to compute prime-to-p etale fundamental groups over strictly 
henselian fields. For example, for p ^ 2 we give an explicit presentation of the prime-to-p fundamental group 
of the complement of {0,p m , 1, 2} in the projective line over Qp n . We explore global and local applications 
of this result to the ramification of primes in the field of moduli of branched Galois covers. 



1. Overview 

Let K be the quotient field of a strictly henselian DVR R, of characteristic 0, residue characteristic 
p > and uniformizing parameter t. (For example, K = Q^ 11 or C((i)).) Let a\,...,a r be closed 
points of P^. whose images in P^- have residue field K. The main theorem of this paper (Theorem 
13. 1|) describes the action of Gal(K) on the prime-to-p etale fundamental group tt^P^, \ {ai, a r }) 
in terms of topological fundamental groups. As a consequence of this result, we describe the 
prime-to-p etale fundamental group 7ri(P^ \ {ai,...,a r }) (see Section [7]). 

Every G-Galois branched cover of has an associated field called the "field of moduli" , and it 
is equal to the intersection of all of its fields of definition (see [2]). Sybilla Beckmann ([2]) gave a 
condition, based on topological data, for rational primes that don't divide |G| to be unramified in 
the field of moduli. Stephane Flon ([6]) has strengthened her result, and gave an "if and only if" 
condition for primes not dividing |G| to be unramified in the field of moduli. Stefan Wewers (|17j) 
and Andrew Obus ([TT] and [12]); on the other hand, have explored the ramification of primes that 
do divide |G| (in the case that the cover ramifies over at most 3 points). 

In this context, the main result of this paper (Theorem 13. ip helps to explain the phenomenon of 
the ramification of primes that don't divide |G| in the field of moduli in terms of etale fundamental 
groups. (See Section [8] for more about how to relate Theorem 13.11 with G-Galois covers defined 
over Q.) The main result also shares similar themes with Jakob Stix's work ([H]). Furthermore, 
in Section I simplify (in the language of etale fundamental groups) Flon's condition for the 
ramification of primes in the field of moduli, which allows me to prove Corollary 15.31 about the 
index of ramification of primes in the field of moduli. The main theorems of Section (Theorems 
I9.ll and l9.6j) show that by choosing the branch points carefully, we can guarantee that many primes 
will be unramified in the field of moduli simultaneously. 

This result is closely related to the Regular Inverse Galois Problem. The problem asks whether for 
every finite group G there is a G-Galois branched cover of the projective line that is defined over Q. 
If the answer is positive, then by Hilbert's Irreducibility Theorem ([7], Chapter 11) so is the answer 
to the Inverse Galois Problem. It is well known that every finite group G appears as a principal 
G-bundle of the Riemann Sphere minus finitely many algebraic points. By Riemann's Existence 
Theorem every such principal G-bundle can be cut out by polynomials with coefficients in a 
number field. Much of the work towards the Inverse Galois Problem has involved understanding 
the mysterious connection between the coefficients of these polynomial and topological data. 
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The outline of the paper is as follows. Section [2] will present the notations and definitions that 
will be used in the paper. Section [3] states the main theorem of this paper. In Section 0] we give 
a proof of a slightly weaker version (Proposition I4.ip of Theorem 13.11 and in Section [6] we finish 
the proof. Section [5] provides an algorithm for explicit computations. Section [7] shows how to use 
Theorem 13. II to compute the prime-to-p etale fundamental group of ¥ l K \ {a±, a r }, and provides 
examples. Section [5] provides a way to relate the ramification of primes in the field of moduli of 
covers of with that of covers of the projective line over p-adic fields. Section [U] gives applications 
of all of the above to the study of the ramification of primes in the field of moduli in the sense 
of Beckmann ( [2 J ) . Finally, in Section [TU1 I present a new theorem (Theorem 1 10.2j) , inspired by 
the philosophy of Theorem 13.11 generalizing a result of Beckmann's (Theorem I10.1|) about vertical 
ramification. 

This paper was largely based on the author's doctoral thesis, written at the University of Penn- 
sylvania under the supervision of David Harbater. The author would like to thank Andrew Obus 
and Florian Pop for helpful discussions concerning material related to this paper. 

2. Definitions 

Notation 2.1. Let G be a group, and let g and h be elements of G. We will use the notation g h 
to mean h~ 1 gh, and the notation h g to mean hgh^ 1 . 

Notation 2.2. Given an integral scheme S, we write k(S) for its function field. (I.e. its stalk at 
the generic point.) 

Definition 2.3. We say that a map X — >• Y of integral schemes is called a branched cover (or 
simply a cover) if it is finite and generically etale. We say that a branched cover is Galois if it is 
connected, and the induced extension on function fields k(X)/k(Y) is a Galois extension of fields. 
We sometimes refer to branched covers as mere covers. 

Let G be a finite group. A G- Galois branched cover is a branched cover X — > Y which is Galois, 
together with an isomorphism of Gsl\(k(X) / k(Y)) with G. 

Definition 2.4. Let Xl —> Yl be a (resp. G-Galois) branched cover of varieties over a field L. 
Let K be a subfield of L. The field of moduli of Xl Yl as a mere cover (resp. a G-Galois cover) 
relative to K is the subfield of L fixed by those automorphisms of Gal{L/K) that take the mere 
cover (resp. G-Galois cover) to an isomorphic copy of itself. 

We say that K C L is a field of definition of a G-Galois branched cover (resp. mere cover) 
Xl — > Yl of varieties over L if there is a G-Galois branched cover (resp. mere cover) Xjc — > Yk 
such that Xl — > Yl is its base change to L. 

Remark 2.5. 

(1) Even though "field of moduli" is a relative term, we will use the convention that (unless 
otherwise stated) the field of moduli of a (resp. G-Galois) branched cover of varieties over 
Q would mean the field of moduli relative to Q. 

(2) Given a G-Galois branched covering, the term "field of moduli" will refer to "field of moduli 
as a G-Galois branched covering" unless otherwise stated. 

(3) Note that the field of moduli of a G-Galois branched covering (resp. mere covering) of 
curves over a field L is contained in every field of definition (resp. field of definition as a 
mere covering). 

Definition 2.6. Let G be a group. We denote by G its profinite completion. I.e. G = fim G/N as 

N runs over the normal subgroups of G of finite index. 
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Let G be a profinite group, and p be a prime. We denote by G^) its maximal prime-to-p 
quotient. I.e. G^ = limG/N as N runs over the open normal subgroups of G whose index is a 
finite prime-to-p number. By convention G^ ') would simply mean G. 

Definition 2.7. Given a scheme S and a geometric point o, let Fibo be the functor from the 
category of finite etale covers of S to the category of sets that takes a cover to the geometric fiber 
of it over o. Denote by 7Ti(S,o) the automorphism group of Fibo- We say that iri(S,d) is the etale 
fundamental group of S with basepoint o. 

Let p be a prime number. Where it does not lead to confusion, we will denote by 7r^(5, o) the 
profinite group 7Ti (S,o)W. We say that tt[(S,o) is the prime-to-p fundamental group of S with 
basepoint o. 

For a topological space X , and a point x G X, we denote by ir° p (X, x) the topological fundamental 
group of X with basepoint x. 

Notation 2.8. Let Xc be a complex variety. We denote by (X<c) an the set X<c(C) together with 
the analytic topology. 

Let a±,...,a r be points of (P,^) 311 . For every i let B{ be a small open ball around dj such that 
Bi CiBj = for i 7^ j. Let Cj be some point in Bi different from cij, and let 7$ be a loop in Bi \ {a{\, 
beginning and ending at Cj, that goes around aj once in a counter-clockwise fashion. 

Let u be a point in (P^) 311 \ UjSj. Let A^ be an affine patch of Pj. centered at u, and let B be 
a ball with radius R centered at u that doesn't intersect any of the B^s. For every i = 1, ...,r and 
< t < 1 define 7ft(i) = Rte » (in the coordinates of A^). 

Definition 2.9. Elements a\,...,a r £ ^^((P^) 311 \ {a±, ...,a r },u) are called a bouquet of loops 
around a%, a r if there are simple paths e» from 7ft(l) to Ci, whose pairwise intersections are trivial, 
such that on is represented by 7ft e^e^" rjT for i = 1, ...,r. 

Note that if a\, a r are a bouquet of loops then 

< p ((pi) an \{ai,...,a r },u) ^ ( ai) ... )ar | ai ... ar = 1). 

Definition 2.10. Let a = (ai,...,a r ) be an r-tuple of distinct points on the Riemann Sphere 
(P^) an . We say that two homeomorphisms D\ and D2 from (Pc) an to itself that fix a are a-isotopic 
if there exists a homotopy H : (P^) 311 x [0, 1] — > (P^) 311 such that for every t £ [0, 1] the map 
H(_, t) : (Pj,) an — > (P^) an is a homeomorphism that fixes a. 

Definition 2.11. Fix a tuple a = (a±, a r ) of distinct points on the Riemann sphere (P^) 311 . We 
denote byY^^ the group of homeomorphisms, up to a-isotopies, from (P,J-) 3n to itself that fix a. We 
say that Tq^ is the Mapping Class Group of (P^) an with marks a. 

Let ([/J) an be ((P ( J : .) an ) r \ A, where A is the weak diagonal. (This jibes with the definition 
of (Uq) 3,11 in Section EOl ) Fix a tuple a = (a±,...,a r ) of distinct points on the Riemann sphere 
(P^) an . For every b £ ttJ° p ((UQ an , a), there exists a homotopy H : (P^) an x [0,1] -> (P^) an of 
homeomorphisms (that don't necessarily fix a) such that H(_, 0) is the identity, and H(ai,t) is equal 
to the i th projection of b(t) to (P^) an . There is a natural homomorphism eft : tt^ p ((U^) an , a) — > Tq^ 
taking b to [H(_, 1)]. The following theorem is well known ([3j). 

Theorem 2.12. The homomorphism <f> above is surjective, with kernel the center o/7r* op ((?7 ( £) an , a). 
Furthermore, the center 0/ 7Ti° p ((£/£) 311 , a) is of order 2. 
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Let u be some point of (Pc) an different from a%, ...,a r . Then the group vr t 1 op ((^) an ,a) acts on 
7rJ op ((P < £) an \ {ai, ...,a r },u) by monodromy. Let this action be denoted by 

S 1 : ^((^a) -> Aut(vr t 1 op ((pi : ) an x {a 1; ...,a r },u)). 

Claim 2.13. There exists an action of the mapping class group To >r with respect to a on 7rJ op ((P^) an \ 
{a±, a r }, u) given by 

S 2 : r , r -> Aut(< p ((pi : ) an \ {a!,...,a r },n)) 

smc/i £/ia£ <52 ° = d~i ■ 

Dehn twists are specific elements in the Mapping Class Group of particular importance. See [5] 
for more details. We will use the convention that a Dehn twist along a simple loop 7 is made by 
twisting the inner rim of a tubular neighborhood of 7 counterclockwise. 

3. Main Theorem 

Let K be the quotient field of a strictly henselian DVR R, of characteristic 0, residue characteristic 
p > and uniformizing parameter t. Let ai, ...,a r be i^-rational points on P^-, and fix a geometric 
base point o over a if-rational point of P^ \ {a±, ...,a r }. 

The base point induces an action of Gai(K) on every Galois cover of P^. ramified only over 
a%, a r , and so in particular on the prime-to-p etale fundamental group vr^P^. \ {a±, a r }, 0). 

We may think of Spec(i?) as an infinitesimally small disc and of Spec(-fT) as an infinitesimally 
small punctured disc. Theorem 13.11 asserts that the Gal(iT) action on 7r^(P^_ \ {01 , a r }, o) agrees 
with this intuition; namely that this action is "the same" as the monodromy action of T — > B\ {0}, 
where B is a small disc, and T is a family of projective lines with certain sections removed. 

To say this more precisely, we introduce the following notation. Let be the intersection 
number between a, and atj in the scheme T R . Let b\(x), b r (x) G C[x] be polynomials such that 
v x (bi(x) — bj{x)) = eij, and let B be a small open ball around in C of radius e. Finally, let 
T := ((P^) an X (B \ {0})) \ {(bi(x),x)\x e B \ {0}} ; . Choosing some point cinB \ {0}, and a 
base point u in (P^) an , induces a monodromy action of tt 1 ° v (B \ {0},c) on every Galois cover of 
(P^) an ramified only over 61(c), 6 r (c); and so in particular on #j 0p ((Pj<) an \ {61(c), b r (c)},u)( p '^ 
(recall that the superscript ^ ' denotes the maximal prime-to-p quotient of a group). Let T> be the 
image in 7r^ op (i? \ {0},c) of a loop going once around the origin in a counter-clockwise fashion. 

Theorem 3.1. In the situation above, the following holds: 

(1) The action of Gal(-fT) on vr^P^. \ {01, ...,a r },d) factors through Gal(K)( p '). 
Furthermore, there exists a sufficiently small e > such that: 

(2) The action o/vr t 1 ° p (S\{0}, c) on 7rf p ((Pj,) an \{ 61(c), 6 r (c)}, u) (p ' } /actors through 7rJ op (B\ 
{0},c)(p'). 

(3) There exist isomorphisms (pi and <p2 such that the following commutes: 



Ttf p {B^{Q},c)^ 



Gal(iO (p ' } 



Pi 



>Aut(vrl op ((pir ^ {61(c), ...ACc)},^) 



ip'Y 



Pi 



4>2 



>Aut(vri(P 1 /? n { ai ,...,a r },d)) 



Theorem 13.11 will allow us in turn to give an explicit description to the prime-to-p etale funda- 
mental groups of P^ minus finitely many .fT-rational points. See Section [7] for examples. 
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4. Proof of Main Theorem 

In the remainder of this section we prove a weaker, less symmetric, version of Theorem 13,11 
(Proposition 14. 1 1 below) . We postpone the proof of Theorem 13. II to Section [6J 

Proposition 4.1. In the situation of Theorem \3.1[ the following hold: 

(1) The action of G&1(K) on tt' 1 (P 1 ^. \ {a±, ...,a r },d) factors through G&l(K)( p '\ 

(2) There exists a sufficiently small e > such that there exist an epimorphism <f! x and an 
isomorphism <f>2 that make the following diagram commute: 

vrf p (i? x {0},c) — ^Aut^ ^)- n {6i(c) s ...A(c)},u)(p')) 

Gd(K)W ^AutKCP^ \{ai,...,a r },o)) 

The proof is heavily influenced by the work of Stephane Flon ([2]) on ramification of primes in 
the field of moduli. The proof will proceed through the following steps: 

(1) Description of the topological action via Dehn twists. 

(2) Reduction to the case that \K\ = No- 

(3) Arithmetic action via moduli spaces. 

(4) Description of the arithmetic action via Dehn twists. 



4.1. Description of the Topological Action via Dehn Twists. In order to state Theorem 14.51 
below describing the topological action, we require the terminology of stable marked curves. 

Definition 4.2. Let R be a strictly henselian DVR, let Yr be a relative curve over R, and let Dr 
be a divisor on Yr. Then (Yr,Dr) is said to be a stable marked curve if the following hold: 

(1) The scheme Yr is reduced. 

(2) The curve YquottR) ^ s smooth and geometrically irreducible. 

(3) The special fiber of Yr has only nodes as singularities. 

(4) The natural map Dr — > Spec(i?) is etale, and Dr intersects the special fiber at smooth 
points. 

(5) For every genus component in the special fiber of Yr, the sum of the number of its in- 
tersections with other components plus the number of its intersections with Dr is at least 
3. 

Definition 4.3. Let R be a strictly henselian DVR with fraction field K, and let Dr be a divisor 
ofF R made up of a formal sum of closed points that have residue field K. Then there is a unique 
choice of a relative curve Yr over R, a divisor Dr on Yr, and a map Yr — > P R made up consecutive 
blow ups at closed points, such that (Yr,Dr) is a stable marked curve, and such that Dr maps to 
Dr. We say that (Yr,Dr) is the stable marked reduction of (P R , Dr). We call the strict transform 
of the special fiber of ¥ R in Yr the original component. 

Definition 4.4. Let R be a strictly henselian DVR with parametrizing element t, let Xr be a normal 
relative curve over R, and let x be an ordinary double point on its special fiber. The thickness of x 
is the natural number n such that Xr formally locally at x is isomorphic to Spec(i?[[o;, y]]/xy — t n ). 

In the situation of Theorem 13. 11 blow up Pcj^jj with marks b\{x), b r {x) to get a stable marked 

curve X (see Definitions 14.21 and I4.3|) . Let X be the closed fiber of X. For every node v, let 
C {1, ...,r} be the set of indices such that bi(x) does not intersect the connected component of 
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the original component (see Definition I4.3P in X \ {v}. Let C v be a choice of a simple loop in 
(Pc) an such that one connected component of (P^) 3,11 \ C v contains {6j(c)|i G I v }, and the other 
contains {bi(c)\i I v }. I further require that the C v 's are chosen so that C v does not intersect C w 
for u/ra, Let 0„ be the thickness of the node v in X. (See Definition 14.41 ) 



Finally let V be the loop in ir° p (B x {0}, c) given by e tv ^c as t goes from to 2ir. 

Theorem 4.5. In i/ie situation above, we can choose e > (the radius of B) to be small enough 
so that the action of T> on 7rJ op ((P£) an \ {61(c), 6 r (c)}, u) is equal to the action of \\D® V on 
^top^pi^an x |5 1 (c), 6 r (c)}, u), where D v is the Dehn twist along C v . 

In order to prove this theorem, we will require two lemmas. 

Lemma 4.6. In the situation above, for every e' > there exists an e > such that for every 
i = 1, ...,r we have sup xeB ^ )(\bi(x) - 6j(0)|) < e'. 

Proof. This follows immediately from the continuity of the map from C to C r given by x 1— > 



In order to simplify notation, make the following extra assumption. 

Hypotheses 4.7. Assume that for every m the function taking values in {m + 1, r} defined 
by I I— > e m i (the intersection number of b m (x) with bi(x)) is monotonically decreasing in the weak 
sense. 

This can always be done by reordering the 6j(x)'s. 

In the situation above, let k be some complex number. Let 



i.e., bj(x) — k = xgj(x) for every j = + /. (The indices of the b^s in this set are con- 

secutive because of Hypotheses 14.71 ) Let C sep be a simple loop in (P£) an such that one of 
the connected components of its complement contains {6j(c), 6j + /(c)}, and the other contains 
{61(c), 6j_i(c), bi + i + i{c), b r (c)}. In the lemma below we construct a homotopy between two 
loops in (U r ) a,n . Lemma 14.61 will help us prove that this homotopy is well defined. 

Lemma 4.8. In the situation above, we may choose the ball B to be small enough so that the braid 
given by the loop 



(h(x), ...,b r (x)). 



□ 



{bj(x) s.t. x divides bj(x) — k, and s.t. j G {!,..., r}} = {bi(x), ...,b i+ i(x)}, 




gi+i(c), b i+ i+i(c), b r (c)) < t <2 



:- 



with 




Proof. We may define the homotopy H(A,t), where < A < 1, thusly. 



For < t < |: 



H(A,t) = 

(61(c), ...,fcj_l(c), 

k + cgiice^ 1 ^), k + cg^ce^ 1 ^ 1 ) 
h+i+i{c), -,b r (c)) 
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For 4 < t < 2=4 : 

2 r(*-4)v /3 T\ , ^2=a(*-4) 



(&i(ce3=^ l ~7 ;v ~' L ),. ..,6i_i(ce 3=z^~t. 
6 i+w (ce^^-^v-x )) .., )6r(ce ^^-f;v--T )) 



_2_/._A> /— r 2 ± r^J 2 /■ j A \ /—T 2_ 



For 2=4 < f < 1 : 



fl"(A,t)= _ 

k + ce^ [t ~^ )V ^g t (c), k + ce^ {t ~ ^ )v ^ g i+ i(c) , 

b !+ w(ce^ (t ^ )VrT ),..,&r(ce^ (f ^ )vCT )) 
It remains to show that for every A and t, the point H(A, t) is in (?7 r ) 
of H(A,t) are different from one another. Since bi(x), ...,b r (x) are polynomials, we may choose B 
to be small enough so that bi(x) 7^ bj(x) for every x £ B \ {0}. This implies that for every A and 
t, any two coordinates in {i, + /} are different from one another, and any two coordinates in 
{1, i — 1, i + Z + 1, r} are different from one another. Lemma 14.61 for a sufficiently small e' (for 
example e' = |mm5.( )^6 J (o)(^(0) — ensures that we may choose B small enough so that the 

supremum of the distances between k and bj(x) as j goes over + l and x goes over £> is smaller 
than the infimum of the distances between k and bj(x) as j goes over 1, — l,i + / + l,...,r and 
x goes over B. Fix j to be some natural number between i and i + I. Note that for < t < 4 

the distance of the j*' 1 coordinate from A; is equal to the distance of bj(ce 2 - Aty ^) from k; for 
4 < t < 2^4 the distance of the j th coordinate from k is equal to the distance of bj(ce 2 - At ^~~*~) 
from k; and for 2^4 < t < 1 the distance of the j th coordinate from k is equal to the distance 
of bi(c) from k. Therefore, by the above, this implies that for those values of A and t the j th 
coordinate is different from the coordinates in {1, — l,i + 1 + 1, and therefore the point 

H(A,t) lies in (U r ) an . Since we have covered all values of A and i, this concludes the proof. 

□ 

Remark 4.9. In the situation above, let C sep be a simple loop in (P^) 8,11 such that one of 
the connected components of its complement contains {6j(c), 6j + /(c)}, and the other contains 
{61(c), 6,_i(c), 6j + z + i(c), 6 r (c)}. Then the first loop in the concatenation mentioned in Lemma 
2] maps to the Dehn twist along C sep in the Mapping Class Group Tq^ (see Definition 12. lip . 

We are now ready to prove Theorem 



Proof, (of Theorem [ 

We will prove Theorem 14.51 by induction on the sum of the thicknesses V in X. 
If 9 V = 0, then Theorem 14.51 is trivial. Otherwise, there is a complex number k such that 
{bj(x) s.t. x divides bj(x) — k, and s.t. j £ {l,...,r}} is nonempty. Let 

{bj(x) s.t. x divides bj(x) — k, and s.t. j G {l,...,r}} = {bi(x), bi+i(x)}, 

i.e. bj(x) — k = xgj{x). Let w be the node in X described by x = k on the original component. Since 
the sum of the thicknesses of the stable marked reduction of HcFFa;]] w ith marks b\{x), 6j_i(x), k + 
cgi(x), k + cgi + i(x),bi + i + i(x), ...,b r (x) is smaller than ^2 V V , we may use Theorem 14.51 for these 
polynomials as the inductive step. By Lemma 14.81 together with Remark 14.91 we see that the 
action of the braid (61 (ce v/ ~ T *), 6 r .(ce v/ ~ T ))o<t<2vr on 7r^ op ((P ( | :; ) an \ {61(c), 6 r (c)}, u), which is 
identical to the action of V, is equal to the action of D w , followed by the action of the braid 
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(6 1 (ceV Tt ), bi-^ce^ 1 -), k+cg^ce^ 1 ), fc+cft+^cev 1 *), (ce^*), 6r(ce v ^ T )) <t<27r- 
It is easy to see that Theorem 14.51 applied to the polynomials bx(x), bi-\{x), k + cgi{x), k + 
cgi+i(x), bi + i + \{x), b r (x) proves that the action of this latter braid is equal to D^' 1 Y\ v ^ w ^v" ■ 
Therefore the action of V on 7r^ op ((P^) an \ {61(c), b r (c)},u) is equal to the action of Y\ v D® v . □ 

4.2. Reduction to the Case \K\ = Ho- 

Lemma 4.10. In the situation of Theorem \3.1\ let E be the field of rationality of the image of the 
points ai, ...,a r in Fq. Then there exists a field L such that E C L C K, the field L is a strictly 
henselian field with parameter t, and \L\ = No- 

Proof. Let S' be R n E(t). Let S be the integral closure of S' in K. Since R is integrally closed, it 
follows that S is a subring of R. Let p £ Spec(5) be the intersection of tR and S. Note that p is 
a divisor of Spec(S'), and that since Spec(S) is normal the localization S v is a DVR. Let Z be the 
maximal unramified algebraic extension of S p in K. It is clear that Z is a strictly henselian DVR, 
with parameter t (since t is in S). Finally, let L = Quot(Z). It is clear from the construction that 
\L\ < Ho- Since L contains Q, we have \L\ > No- Therefore \L\ = 'Rq. □ 

In the situation of Lemma 14.101 we have the following commutative diagram: 

1 ^n[(F^\{a 1 ,...,a r },d)^n[(F 1 K ^{a 1 ,...,a r },d)-^G&\(K)^^ 1 



71 



72 



73 



1 -+n' 1 (F 1 L \{a 1 ,...,a r },d)Air' 1 (F 1 L ^ {a u ...,a r },d) -^Gal(L)^ ^ 1 
Lemma 4.11. In the diagram above, 71, 72 and 73 are isomorphisms. 

Proof. That 71 and 73 are isomorphisms is obvious. The homomorphism 72 is an isomorphism by 
the Five Lemma. □ 

If we choose our basepoint o so that it would lie over an L-rational point in P^, then this induces 
sections s x : Gal(L)^') -»• vr'^P^ \ {ai, a r }, o) and s 2 : GaKir)^') -)■ vr'^P^ \ {a x , a r }, 0). 
Since these morphisms are induced by applying the prime-to-p etale fundamental group functor ir[ 
on morphisms of schemes, it follows that si and S2 commute with the diagram above. This implies 
that it suffices to describe the action of Gal(L)( p ') on ^(Pjp \ {a\, ...,a r },d). 

4.3. Arithmetic Action via Moduli Spaces. Assume the situation of Theorem 13. 1L There 
exists a coarse moduli space H r of pointed G-Galois covers of the projective line ramified over r 
points. This moduli space is called the Hurwitz moduli space. There also exists a fine moduli 
space U r of r ordered points on the projective line. These moduli spaces are defined over Z (|16j, 
[8]). In [16], Stefan Wewers has shown that the natural map it : H r — > U r is etale over Z, and 
finite over Z[t^t]. Furthermore, Wewers has constructed compactifications H r and U r such that 
this morphism extends 7f : H r — > U r , and such that over Zf-Jw] this morphism is finite and tamely 
ramified over a strictly normal crossing divisor. From now on when I write H r , U r , H r and U r I 
will mean their base change to R. Therefore tt is finite and tame. 

We now proceed to interpret Theorem 13.11 in terms of these moduli spaces. 

By Section [421 we may assume without loss of generality that \K\ = Ho- Fix an embedding of K 
into C. Let be some C-point of P^ \ {01, a r } lying over a if-rational point. The induced homo- 
morphism 7ri(Pj£ \ {ai, a r }, o) — > 7r^(P^ \ {ai, a r }, o) is an isomorphism (Lefschetz principle). 
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By Riemann's Existence Theorem ([9]) 7r^(P^ \ {«i, a r }, o) is isomorphic to the maximal prime- 
to-p quotient of the profinite completion of the corresponding topological fundamental group. We 

(pO 

may, therefore, fix an isomorphism of 7r^(Pj.\{ai, a r }, o) with (a\, a r \a\...a r = 1) . (At this 
point we allow any such isomorphism, although in Section [5] we will describe a specific isomorphism 
that is helpful in doing computations.) 

We note that a pointed G-Galois etale cover over P^, \ {a\,...,a T } is equivalent to giving a 
surjection vr^P^. \ {a±, a r }, o) -» G. Such a surjection is fully determined by the images of the 
Qii's above. I.e., it suffices to give an r-tuple of generators (g%, g r ) of G such that g\ - ■ ■ g r = 1. 
This r-tuple is called the branch cycle description of this cover, or simply its description. 

The fundamental exact sequence 

1 tti(P|. n {ai,.. .,a r },o) -)• vri(P^ \ {ai,...,a r },o) -)• Gal(-fT) ->• 1 

splits via the underlying i^-point of o. This induces an action of Gal(K) on vri(P^, \ {ai, a r }, o) 
and in fact on 7i^(P^ \ {a%, a r }, o). 

Since ^(P^ \ {a±, a r }, o) is profinite, for every <r G Gal(if) the image of a ai, a r in all 
of its finite quotients determines the elements a a\, ..., <J a r . It suffices therefore to fix a prime-to-p 
group G and a surjection : 71^ (P^ \ {a±, a r }, o) -» G, and to describe (f)( a cti), (j>(^a r ) in G. 

In other words, it suffices to see how Gal(-fT) acts on the set of G-Galois pointed covers of 
P^. \ {a%, a r }. This is equivalent to the action of Gal(iT) on the points in H r (K) lying over the 
point in U r (K) corresponding to (ai, a r ). 

4.4. Description of the Arithmetic Action via Dehn Twists. Assume the situation of The- 
orem [3TTJ Let x be an element of H r (K) lying over the point y in U r (K) that corresponds to the 
set of points (a±, a r ). Since base change to C gives a bijection between H r (K) and fl£(C), the 
element x corresponds to a G-Galois pointed cover of P^ ramified over the r points a\, a r . 

Blow up Pjj with marks ai,...,a r to get a stable marked curve X (see Definitions 14.21 and 14. 3p . 
Let X be the closed fiber of X. Let W be the set of nodes of X. For every node v G W, let 
J„ C {1, ...,r} be the set of indices such that aj does not intersect the connected component of the 
original P^ in X \ {v}. Let Gt, be a choice of a simple loop in (P^) 8,11 such that one connected 
component of (P^) 3,11 N C v contains {ai\i G I v }, and the other contains {a. L \i I v }. I further require 
that the Gy's are chosen so that C v does not intersect C w for v ^ w. Let 9 V be the thickness of the 
node v in X. (See Definition! 



Let C m = e m for every natural number m. Finally let 5 be the element in Gal e (K) that 
takes t~ to Cm^™ for every m coprime to p. 

Theorem 4.12. In the situation above, the following hold: 

(1) The action of Gal(A') on x factors through the group Gal mc (K). 

(2) The action of 5 on x is equal to the action of Yivew ^v" on where D v is the Dehn twist 
along C v . (Here the action of the Mapping Class Group of the set of G-Galois pointed covers 
ramified over a\, ...,a r is defined via its action on Tr\ op ((P^) an \ {a%, a r }).) 



Remark 4.13. Theorem 14. 121 above should be thought of as the arithmetic analog of Theorem 14.5 
In order to prove this theorem, we require several lemmas and claims. 



Lemma 4.14. Let R, K and 5 be as in Theorem \4-12 , and let I be a natural number between 1 



and n. Let s : Spec(i?) — > Spec(i?[[xi, x„]] alg ) be a section whose generic point doesn't lie in 
(xi---xi). For i = 1, let a- t in n\ ame {R[[ Xl , x n ]} a ^[-^-]) be defined by xf ^ ( m xf for 
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j = i, and xj 1 i— > sj™ /or j ^ i. Let ei be the intersection multiplicity of this section with Xi. 
Let s' : Spec(-KT) — > Spec(fi[[xi, ^n]] alg [ a;i . 1 . 3 ; ]) be the morphism induced by s. Then the induced 
morphism on fundamental groups f : Gal ta,me (K) — > 7r5; ame (Spec(i?[[xi, ,„,i: n ]] alg [ 3 , ^— ])) takes 5 in 
Gal tame (K) to al 1 •••of. 

Remark 4.15. 

(1) In the above, the base point of Spec(_R[[xi, x n ]] [ Xl . .. x ]) is assumed to be the one induced 
by the map s' together with the given embedding of K into K. 

(2) In order to see that the oVs make sense, recall that Abhyankar's Lemma (in the version 

appearing in [10j) says that any cover of i£[[sci, x n ]] alg which is tamely ramified with 

i i 

respect to (x\ ■ ■ - xi) is a quotient of a cover given by R^x™ 1 , x™' , xi + \, x n ]] alg . 

Proof. Write f(S) as cr™ 1 ■■■of 11 . Let i be an integer between 1 and I. By definition, for every 
natural number N that is prime top, the automorphism o~j acts on a: n]] alg [ a;i ~ . x iVi[/{yf ~ 

x^ by mapping y { to (nVi- Therefore f(5) acts on R[[xi, ^n]] alg [^^, Ui]/(yf ~ Xi) by mapping 
yi to (ffiyi for every N prime to p. 

By assumption, for every j = 1, ...,n the section s maps the element Xj to Ujt ej , where t is a 
parameterizing element of R, and the u/'s are units. 

Pulling back the cover R[[x 1} -,a;n]] alg [j^, Vi]/(yf ~ Xi) of x n ]] alg [^^-] to a cover 

of K we get: 

R[[ Xl , ..., Xn ]fz[^—, yi ]/(y? - Xl ) ® R[[xi _ Xn]m ^ ] K - K[ Vi ]/{yf - t^). 

X\ ■ ■ ■ Xl l x 1 ---x l 

Therefore f(S) maps the element in R[[x\, ■■■,x n ]] a,lg [ xi 1 m , yi]/ (yf — x«) to C^yi- We conclude 
that for every iV that is coprime to p, = C^ 1 . Thus = rrii . □ 

The irreducible components of U r \ U r are in correspondence with the subsets of {1, ...,r} of 
cardinality at least two, and they form a strict normal crossing divisor. (See [16], [6], [SJ.) Let S 1 
denote the irreducible divisor corresponding to L C {1, ...,r}. 

Note that y factors through a irrational point A : Spec(i^) — > U r , by assumption. By the valua- 
tive criterion of properness, the morphism A factors through a unique morphism A : Spec(i?) — > U r . 

Definition 4.16. In the situation above, removing a node v from X breaks the special fiber X into 
two connected components. Let X v denote the connected component of X \ {v} that doesn't include 
the original component (see Definition Let £' be a map from the set of nodes of X to the 

power set o/{l,...,r} defined by 

E (v) = {i\the Zariski closure ofai inX intersects X v } . 

The following follows from Proposition 3.6 in [6]: 

Proposition 4.17. In the above situation, let C be the curve in U r parametrized by the section 
A : Spec(i?) — > U r . Then C intersects S 1 if and only if I is in the image of S. Furthermore, 
the intersection multiplicity of C with S 1 is equal to the thickness of the node S _1 (I) in X (see 
Definition \4.4\ )- 

In particular, if we let T be the set of subsets / C {1, r} such that the special point of A lies 
on S , then 

T = {I C {l,...,r}|3« G W s.t. I = I V }. 
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Let P be the image of the special point of Spec(i?) under A, and let Q £ U r (C) be the point 
induced by the generic point of Spec(i?) via A. 

Let Spec(j4) C U r be an open affine subset of U r about P, such that U r \ U r is given by the 
principal prime ideals U/ £ t{(x/)}. Let I = \T\, and fix once and for all a bijection a : {1, ...,/} — > T. 
We write Xi to mean x a ^y We may assume without loss of generality that xi, x/ are a part of a 
regular system of parameters x%, ...,x n at P. 

Let O^. p be the strict henselization of the local ring of X at P. Note that (xj)j e xuJ give an 
isomorphism of O^ 1 ,. p with R[[xi, ...,x n ]] alg . The section A factors through Spec(0^| 1 r p ) because 
the strict henselization of the stalk of U r at P is the stalk of U r at P in the etale topology. 
Furthermore, note that A factors through <1> : Spec(iT) — > Spec(i?[[xi, x n ]] alg [ xi 1 ]). 

Definition 4.18. In the situation above, let £ be defined as the composition a" 1 o 
Lemma 4.19. Let S : W — > P({1, r}) be the map from Definition \4- 18 , For every i = 1, 
Zei o~j S 7r^ ame (il[[xi, ^n]] alg [ a , 1 ... x ]) be defined by x™ i— > xj™ and x™ i— > e m x™ /or every 
m coprime to p and j ^ i. Then in the situation above, the homomorphism $ : Gal tame (X) — > 
^%R[[ Xl ,...,x n ]]^[^]) t^es 8 to UveW^( v y 

Proof. By Lemma 14.144 the element 5 maps to n^eVK wnere e v is the intersection multiplicity 
of the image of the section A with 5 s ( v \ By Proposition 14.17] we have that e v = V . □ 

Since n : H r — > U r is tame, the group 7r^ ame (.R[[xi, x n ]] aJg [ a;i- 1 ]) acts on x via the map 
7r* ame (_R[[xi, ...,x n ]] alg [^4^-]) -> ir\ llTac (U r ,y). In [6], Flon argues that for every v the element 
°~Y;(v) i n 7Ti ame (i?[[xi, x n ]] aIg [ 1 1) (defined as in Lemma [4.191) acts on x in the same way the 
Dehn twist along C v does. As his argument is difficult to read, I outline an alternative argument 
here. 

Each C-point C of A corresponds to a morphism of rings gc '■ A — > C. There exists an e' > 
and a neighborhood N of P (8> C in Spec(j4)(C) such that the assignment h : N — > B 6 i(0) n defined 
by C i y (gc(%j))je{i,...,n} i s a biholomorphism. 

Let N' = A r \U/ C | lj ... i r},|/|>2'S' / (C), and let Q' be a point in N'. Let V be an open neighborhood 
in (U r ) an that contains N' U {Q}, and that deformation retracts to N' . Let 7 be any path in V 
from Q to Q' . This 7 gives an isomorphism t^° v (V' ,Q) = tt° p (N',Q'). It is easy to see that this 
isomorphism is independent of the choice of 7. 

Lemma 4.20. In the situation above, let the coordinates of h(Q') be denoted by (Qi, Q' n )- For 
every i = 1, let a[ G ft° v (N', Q') 1 ^' be the element induced by the loop 

h^ 1 {Q'i, Q'i-i, e 27Ty/ ^ e Q' i , Q' i+ i, Q'n), as 6 goes from to 2ir. We will view a\ as an element 
/7rf p (y',Q)^). For every i = let a { G ^{R^x u x n )}^[^], Q) be defined by 

xj™ 1 — y xj 1 and x™ 1— > e m x™ /or every m coprime to p and j ^ i. We will view ai as an element 
in n\ ame (0^ r p \ (US 1 xg r S Q r p ),Q) via the natural isomorphism of O^. p with R[[x\, x„]] alg . 
Then the action of on x is equal to the action of ai on x for every i = 1, 

Proof, (sketch) There are global sections z\,...,z n of H r Xfj r Spec(j4) that form a regular system 
of parameters at a point above P in the connected component of x such that they are locally (in 
the analytic topology) the quotient of a cover Y defined by y™ = x% for every i. The point x is 
the image of some point in Y with coordinates yi = £2^, where Q.'™ = Qi- It is clear that a[ acts 

on (Qi, ...,Q.' n ) by taking it to (jQ'j, ...,0J_ 1 , e m O'-, Q' n ). It therefore agrees with the 

action of cr, . 
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□ 



Claim 4.21. For every i = I,..., I, and v S W, the element (T^r v ^ from Lemma \4-20 acts on x in 
the same way the Dehn twist D v along C v does. 

Proof. Easy to verify using the construction of U r in [SJ. (Where it is denoted B r .) □ 



Claim l¥.22l below phrases the action of 5 on x in terms of etale fundamental groups. 

Claim 4.22. Fix an algebraic closure K of K . Let X and Y be connected schemes, and let 
it : X — > Y be a finite etale map. Let x : Spec(-ftT) — > X be some K -rational point of X lying over 
a K-rational point ofY, and let a be an element of Gal(K / K) . Then the geometric point given by 
composing x with a is equal to the geometric point given by the action of a on x G Fi6 7roi (X) via 
the natural map Gal(K/K) = 7Ti (Spec(if) , Spec(ET)) — > ni(Y, it ox). 

In other words, the action of Gal(K) on x defined above is equal to the action induced by the 
map Gal(iT) —> iri(U r , y) (which is given by y). The claim follows immediately from the definitions. 
We are now ready to prove Theorem 14.121 

Proof. (Theorem 14. 12j) 

Let A* : Gal(-fiT) — > TTi(U r ,y) be the map induced by A, and let A be the composition of A* 
with the quotient map 7Ti(U r ,y) -» ir\ a,me (U r , y). Let 5' be an element in Gal(K) that maps to 5 
in Gal t£ime (K). By the functoriality of the tame fundamental group, the map A factors through 
Gal tame (K). Since tt : H r — > U r is tame, this implies that the action of 5' on x is independent of 
the choice of 6'. This proves the first claim in Theorem 14.121 

The map Gal tame (K) -> vrf me (C/ r , y) induced by A factors through the map $ : Gal tame {K) -> 
7r t 1 amc ( J R[[xi,...,x n ]][ iT ^]). By LemmaS39]we have #(<5) = U v eW°^(vy where S is as in Defini - 
tion 14.181 By Lemma 14.201 together with Claim 14. 21\ we conclude that 5 acts on x in the same way 

Uvew D v v does - 

□ 

4.5. Defining <f>\ and 02. We are now ready to prove Proposition 14.11 

Proof. Since Gal ta,mc (K) = Gal(i^)( p '), the first claim is equivalent to the first claim of Theorem 
I4TT21 combined with Claim KT2\ 

By Lemmas 14.101 and 14. 1 1\ we may assume without loss of generality that \K\ = Ho- This allows 
us to fix an embedding of K into C. Let T> be the counter-clockwise loop in7rf p (5\{0},c). Recall 

that 5 € G&l(K) (p ' denotes the element that takes ^ to e m (m for every m coprime to p. Let 

<p\ be the epimorphism taking the image of V in 7r* op 

Let /3i, /3 r be a bouquet of loops around ai, a r in ir-f p ((P^) 3,11 \ {ai, a r }, o). Let /3i, (3 r 

be their images in 7T^(Pk \ {ai, a r }, o). Let a%, a r be a bouquet of loops around 6i(c), b r (c) 

in 7rJ op ((Pj,) an \ {bi(c), b r (c)}, u). Furthermore, let ai,...,a r be the images of ai,...,a r in 

^((Pj,)^ \ {bi(c),...,b r (c)},u)&l Note that both ^((P^f 11 \ {61(c), 6 r (c)}, u) (p ' } and 

7r^(P^ n {ai, a r }, o) are isomorphic to the maximal prime-to-p quotient F^\ of the free group 

on r — 1 generators. Let 4>2 be the isomorphism induced by the isomorphism 

ji 
K 



^((P^r n {bi{c),...,b r {c)},u)W ^ ^(pt. \ {ai,...,a r },o) 



given by atj \-t j3j for j = 1, r. 

As the two descriptions of the actions (Theorem 14.51 for the geometric action, and Theorem 14.121 
together with Section 14.21 for the arithmetic action) match for a small enough e > 0, we have that 
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02 ° P\^P) = Pi ° 4>'\^P\ Since all of the morphisms are continuous, the diagram in Proposition 14.11 
is commutative. Therefore the second claim of Proposition 14. II holds. 

□ 

We postpone the proof of Theorem 13.11 to Section [6j 

5. Algorithm for Explicit Computations 

In Section 2.3 of [6], Flon gave an explicit description of the action of Dehn twists on a bouquet of 
loops ax, ...,a r E 7rJ op ((P,£) an \ r points). Thanks to Proposition 14.11 we may use his description to 
compute the action of G&l(K) on 7r^(P^ \ {a%, a r }) where a±, ...,a r come from irrational points 
on Fj£. In this section we show that choosing a particular isomorphism of 7r^(P^ \ {oi,...,a r }) 
with the maximal prime-to-p quotient of the profinite completion of (ct\, a r \ai ■ ■ ■ a r ) simplifies 
Flon's description considerably. In particular, this will allow us to get Corollary 15.31 regarding the 
index of ramification of primes in the field of moduli. 

In the situation of Theorem 13. 1\ reorder the bi(x)'s so that Hyp ot heses 14.71 will hold. Let ot.\, a r 
be a bouquet of loops around &i(c), b r (c) in 7r^ op ((Pj : ) an \ {61(c), b r (c)}, u) (see Definition ^. 9p . 

I will now proceed to explain how the generator T> E tt\(B \ {0}, c), defined by doing a counter- 
clockwise loop, acts on a%, a r . For simplicity, let's fix % and explain how T> acts on at. In order 
to do that, I require some notation. 

Blow up PcFfel] wr kh marks b\ (x), b r (x) to get a stable marked curve X (see Definitions 14.21 and 
14. 3[) . Let X be the closed fiber of X. For every node v, let I v C {1, rf be the set of indices such 
that bi(x) does not intersect the connected component of the original component (see Definition 
I4.3P in X \ {v}. Let C v be a choice of a simple loop in (P^) an such that in one connected component 
of (Pc) an \ Cv contains {bi(c)\i G I v }, and the other contains {6,(c)|i I v }. I further require that 
the C v 's are chosen so that C v does not intersect C w for v 7^ w. 

For our given i, there is a series of P^'s in X that connects the P^ that meets bi(x) with the 
original component (see Definition I4.3j) . Call these components X\, X^ (each one is just a 
P^, and X^ is the original component). Define 9\ (for 1 = 1, JVj_i) to be the thickness of the 
node that connects Xi with (See Definition 14.41 ) Define // to be {j £ {1, r}\bj(x) meets 

XxU.-.UXi}. 

Lastly, define for every subset J C {1, —,r} an element qj := nj g j a i (where the order of the 
product is the order of the integers in J). 

Theorem 5.1. In the situation above, the element T> acts on 014 by mapping it to q cti = qotiq~ l , 

, 0N i-i 6»i 

where q = qj ■■■q Il - 

Proof. It follows from Theorem 14.51 that T> acts on a\,.~, ct r by where D v is the Dehn 

twist around C v . We may deform (P^) 311 continuously so that b\{c), b r (c) move to l,...,r, and 
the base point moves to 0. Furthermore, this deformation can be chosen so that each circle C v 
deforms to a circle C' v which does not intersect the line {j + a\J — l\a G R} for any j £ I v . Let D' v 
be the Dehn twist along C' v . Let a' 1} ...,a' r be the loops of 7Ti((P ( J : .) an \ {1, ...,r},0) that arise by 
deforming a±, a r . By deforming again, one can assume without loss of generality that a'j is the 
loop given by concatenating the following paths: 

(1) ^f^lt for < t < 1. 

(2) -f-L+jt for < t < I. 

(3) (1 - f)v /r T + j for < t < 1. 

(4) i e (f +2^)^ + j for < t < 1. 
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(5) (1 - j ^)\/ r T + j for < t < 1. 

(6) ^/ = T + j(l - t) for < t < 1. 

(7) \/ z T(l - i) for < t < 1. 

Clearly, it suffices to describe the action of JXX-^) 9 " on a li '•■■> a 'r- 

Note that the a'^s can be expressed in terms of the <&'s in Figure 2 of [B] as qi "' qi ~ 1 (q~ 1 ). 
Proposition 2.8 in [5J describes the action of D' v ~ on q±, ...,q r . In the terminology of [6J, D'~ l = 

D\i V) $m- Therefore, D' v takes qi to qi if i is not in I v , and it takes it to q^ 3GIv 93 if i is in I v . An 
easy computation shows that this implies that D' v takes a\ to a\ if i is not in I v , and it takes a\ to 
n^G/i, a j a ( if i is in J^. 

It remains to describe the action of Y\vi^ > 'v) 6v on a 'ii ■ ■■,a.' r . Since we know the action of each 
D' v , this reduces to an easy verification. 

□ 

Remark 5.2. In Flon's paper ([6j), the convention on the direction of the Dehn twists is reverse 
from the convention here. 

Corollary 5.3. Let K be a strictly henselian field of characteristic 0, residue characteristic p, 
and parameter t. Let G be a finite prime-to-p group. Then for every G-Galois branched cover of 
P^., ramified only over K -rational points, its field of moduli relative to K is contained in K{t^), 
where N = exp(Inn(G)). (In particular, this implies that t is tamely ramified in the field of moduli 
relative to K .) 

Proof. Let ai,...,a r be If -rational points of P^. Let o be a -ftT-point of P|^ \ {ai,...,a r } lying 
over a If-rational point. Let a G-Galois branched cover of P^-. be given by a surjection p : 7r'(P^ \ 

{ai, a r }, o) -» G. Let a%, a r be as in Theorem 15. 1\ applied to K(t~N). Then it suffices to prove 
to prove that (p( s a\), p( s a r )) is uniformly conjugate to (p(a\) , . . . , p(a r )) ■ In the terminology 
of Theorem 15. H each 6i is divisible by N. Since Inn(G) is isomorphic to G/Z(G), this implies 

9 q Ni ~ 1 q 01 

that p{qj 1-1 •• • q® 1 ) is in the center of G. In particular we have that p( * N i-i 11 ai) = p{a{) for 



"X 



i-1 Jl 



i = 1, r. Since, by Theorem 15.11 5 acts on a^ by taking it to N *~ 1 1 a^, the field of moduli is 
contained in K(t^). □ 

Remark 5.4. With some work one can show that Theoremes 3.2 and 3.7 in [TS], adapted to 
our situation, imply that in the situation above the field of moduli is contained in K(tM) i where 
M = exp(G). The corollary above is a stregthening of this result. 

6. The Proof of Theorem 13. II 

Corollary 15.31 above will help us prove Lemma 16.11 below, which in turn will allow us to prove 
the symmetric version of Proposition 14.1^ namely Theorem 13.11 

Lemma 6.1. In the situation of Theorem \3. 11 the following hold: 
(1) The sequence of morphisms 

P^ \ {oi, a r } — > P^ \ {ai, a r } — > Spec(K) 

induces a short exact sequence 

1 7ri(P^ \ {a 1 ,...,a r },d) vr'^P^ \ {a u ...,a r },d) Gal(A") (p,) 1. 
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(2) The sequence of morphisms 

(Pfc) M x {61(c), 
induces a short exact sequence 
l-^7r^((Pj.rx{a 1| ...,a r } ) «)(P')- 



;b r (c)} ^ #\{0} 



yrf^T, («, c)) (p,) 7t? p (B \ {0}, c)(p') -> 1. 



Proof. Since taking maximal prime-to-p quotients is a right exact functor, we have the induced 
short exact sequences 



7T 



top. 



» 1 ) an n { ai ,...,a r },u)W -> vrf^T, (u,c))^ -> 7rf p (B x {0},c) 



1 



7T, 



11V ^ \ {oi, ...,a r },d) -> 7ri(P^ \ {oi, ...,Or} } o) -> Gal(ir)( p ') -> 1. 

Note that Corollary 5.5.8 in [12], which gives a condition for the injectivity of maps of fundamen- 
tal groups, works for every Galois category (it is only stated there for the Galois category of finite 
etale covers). Therefore in order to prove the first claim it suffices to prove that for every prime-to-p 
group G, and for every G-Galois etale cover of \ {a\, a r }, there is a field of definition that 
has a prime-to-p degree over K. This fact is contained in the statement of Lemma 15.31 

Similarly, to prove the second claim it suffices to prove that every prime-to-p normal covering 

x 

x such 
□ 



space of (P^) 311 \ {61(c), 6 r (c)} with deck transformation group G extends to one over ((P^) 3,11 



(B' \ {0})) \ {(bi(y),y)\y 6 B' \ {0}}j, where B' is a covering space of B given by y r ' 
that n is a natural number coprime to p. This follows from the proof of Lemma 15.31 



We are now ready to prove 13.11 

Proof. (Theorem 13. ip The first claim of Theorem 13. II is precisely the first claim of Proposition 14. 1\ 
and has therefore already been proven. 

In order to prove Claims 2 and 3, observe the following commutative diagram: 



-top , 



((p*r x {61(c), ...a(c)},«) 



fx 



^7T 



top 



91 



1 



7i 



72 



1 ->7T 



top / 



,') h 



73 



92 



\(P') 



1 



c , x{6 1 (c),...,6 r (c)},n)^')^7r t 1 op (r,( U ,c))(f')^7rr P ( J B\{0},c) 

Let s\ be the section of g\ induced by the point (u, c). The action of a £ 7r^ op (Z? \ {0},c) on 
71(a) E ^((Pl)- n {6i(c),...,6 r (c)},^') is given by 7l(/r^l^)/i(aM^)~ 1 ))- It is well 
defined because the monodromy action doesn't change the degree of the cover. Let S2 be the 
section of (72 induced by the point (u, c) by virtue of the functoriality of taking maximal prime-to-p 
quotients. It is easy to see that S2 73 = 72 s\. Furthermore, since fi is injective (Lemma I6.ip 
then 71 o f^ 1 = f^ 1 o 72 on Im(/i). Therefore: 

7l(/r 1 (^l(^)/i(«)^(^)" 1 )) = / 2 - 1 (72( S i(^/i(a) Sl (a)- 1 )) = 

/2" 1 (^(73^))72(/i(a)) S2 (73(^)- 1 ) 
This implies that the action of a £ tt° p (B \ {0},c) on a depends only on 73(d), which proves 
the second claim of Theorem 13.11 (i.e., define pi (73(c)) to be the automorphism taking 71(a) to 
7i(/r 1 (fi(^)/i(a)^i(^)" 1 )), for every a E ^° p ((P^) an \ {61(c), 6 r (c)}, «)). Let fa : 7Ti(B \ 
{0}, c)( p - 1 — > Gal(K)( p ) be the map that takes the image of V in Tt\(B \ {0}, c)( p ' to the element 

in Gal(K)W > that takes t™ to e m t™ for every m coprime to p. Since p\ and (f>\ factor as the 
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quotient map tt\{B \ {0},c) -» wi(B \ {0},c)( p ') composed with p[ or tp[ resp., Proposition 14.11 
proves the commutativity of the diagram in the third claim of Theorem 13.11 □ 

7. Examples 

In the situation of Theorem 13 .1\ Section [5] gives us an explicit description of the action of Gal (If) 
on 7Tj(P^ \ {ai, a r }, o). By Lemma [67TT we have a short exact sequence: 

1 -»■ 7ri(P^ \ {ai,...,a r },o) vr'^P^ \ {oi, a r }, o) -»■ Gal(i^) (p,) -> 1. 

Let s' : Gal(iC)( p ') -)• ^(P^x^i, a r }, o) be the section induced by o, and let 6 G Gal^O 5 ') be 

the element that takes t™ to e m im for every natural number m coprime to p. Let a%, a r be a 

(p') 

bouquet of loops around oi, a r . We have that ^(P^-xjai, a r }, o) = (ai, a r |«i • • • a r = 1) 

Let /3j be ^'^aj. It is clear from the description of this action in Section [5] that the /%'s are in 

(pO 

the image of the map (aj, ...,a r \a\ - ■ ■ a r = 1) — > (ai, a r \a± • • • a r = 1) . The following lemma 
allows us to describe 7r^(PL \ {ai, a r }, o) as the maximal prime-to-p quotient of a profinite 
completion of a semi-direct product. 

Lemma 7.1. Zei ^4 and -B 6e finitely generated free groups, and let p be a prime. Let uj\ : 
B — > Aut(.A) be a homomorphism that extends (A and B are in particular residually finite, and 
therefore embed into their profinite completions) to a continuous homomorphism uji : B — > Aut(A). 
Furthermore, assume that A x^ 2 B is a pro-finite group. Then 

A x Ul B = A x^ B. 

Furthermore, if we assume that the natural homomorphism A^ p '^ — > (A x,j 2 B)( p '} is infective, then 
u)2 induces a well-defined homomorphism uj% : B&) Aut(A^ p '^), and 

A^B {P ' ] ^A^ * W3 B<*'). 

Proof. Let n be a natural number, and let A n be the intersection of all index n subgroups of A. It 
is easy to see that A n is characteristic in A. Let N be some normal subgroup of B of finite index. 
It is easy to check that 

1 -> A/A n -> (A x wi B)/A n N B/N -> 1 

is a well-defined short exact sequence. 

By taking inverse limits, we get the following short exact sequence: 

1 -> A -»• ^m(A x Wl B)/A n N -»• B -»• 1. 

The exactness on the right is due to the compatibility of the sections of 

1 -> A/A n -> (4 x Wl B)/A n N -> -> 1 

as iV and A n vary. 

Since for every finite index subgroup of ^4 x Wl i? there exists a natural number n and a normal 
subgroup N of B such that it contains ^4n-^> it follows that 

lim(^ x Wl B)/A n N A^B. 
It remains to show that hjn(A x aJl B)/A n N = A x W2 5. 

Similarly to the computation above, since A n is invariant under continuous automorphisms of 
A, and since N is a normal open subgroup of B, the homomorphisms 

1 -> i/i„ -> (i x^ 2 5)/i n iV -> fl/JV -> 1 
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form a well-defined short exact sequence. 

This short exact sequence fits into the following commutative diagram: 

>A/A n y{A x Ul B)/A n N yB/N- 



1 



1 



71 



72 



73 



■A/An- 



(A x W2 B)/A n N 



■B/N- 



-> 1 



-> 1 



Since 71 and 73 are isomorphisms, the Five Lemma implies that 72 is also an isomorphism. 
Therefore, we have a short exact sequence 

l^i-> hm(i x W2 B)/A n N -»• B -)■ 1. 

Since the A n iV's are open normal subgroups of A x W2 1?, and since A X W2 is pro-finite, the 
universal property of inverse limits gives us the following commutative diagram: 



1 



1 



A 



A 



lim(i x^ 2 B)/A n N- 



7 



-> x W2 B 



B 



B 



-> 1 



-> 1 



Since the vertical homomorphisms on the rightmost and the leftmost are isomorphisms, it follows 
from the Five Lemma that 7 is also an isomorphism. Therefore: 



A x ui i? = hm(yl a Ul B)/A n iV lim(i », 2 B)/A n N ^i^ 2 5 

as we wanted to show. It follows immediately from the functoriality of taking prime-to-p quotients 
that if the induced exact sequence 

-> (i x W2 -> 5( p ') -> 1 

is injective on the left, then X W3 i?( p ') = (A x^ B)^"> where W3 is induced by u>2- Since by 
the first claim A yi W2 B = A yi Ul B the lemma follows. 

□ 



(p') 



It follows from Lemma 17.11 and the discussion above it that 

Kii^K x -,a r },o) = (ai, ...,a r ,5\ s ai = (3^ 
Using this, and Section O we can easily compute prime-to-p fundamental groups. 

Example 7.2. The prime-to-p Stale fundamental group 7t^(Pq u „ \ {ai, a r }) ; where ai,...,a r 

are Q™ 1 -rational points 0/ Pq u „ £/iat don'i coalesce on the special fiber o/P^ un , is isomorphic to 

. " (p') 

(ai, a r , <5|ai • • • a r = 1, Vi 5«j = aj<5) 

Example 7.3. For a prime p > 3, and a natural number m, we have that 

vr'i(P^ r \{0,p m ,l,2})- 

^— (p') 

«2, Ct3, «4; <5|d!i • • • 04 = l," 5 Oi\ =(ai«2) m ai) <5 a2 — (aia 2 ) m a2 & a ^ = a3) <5 a4 = a ^ 
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8. Local-Global Principle for Fields of Moduli 

Although variants of the theorem of this section have been known to experts, its proof has not 
appeared in the literature to the best of the author's knowledge. 

Let p be a prime, and let Q p be the field of p-adic numbers. Let Qp lg denote the field of algebraic 
p-adics, i.e. the subfield of Q p of algebraic elements over Q. Let Q be an algebraic closure of Qp lg . 
Let Zp lg be the integral closure of Z in Qp lg , and Z be the integral closure of Z in Q. Let Z p be 
defined as lim Zp lg /(j>Z p n Zp lg ) n . Let Q p be the quotient field of Z p . It is clear that Z p embeds 
naturally into Z p . This embedding induces an embedding of Q p into Q p . It is easy to see that via 
this embedding Q p is an algebraic closure of Q p . 

Let V be the set of primes of Spec(Z) lying above the prime pZ p n Zp lg of Spec(Zp lg ). 

In order to prove the first theorem of this section we require a lemma. In the lemma below 
Hom^(i?,C) means the set of morphisms from B to C in the category of A-algebras. 

Lemma 8.1. Let F C E,L be fields. Then there is a bisection Hom^(L ®p E,L) — > Hoiiif(E, L) 
given by a t— )■ (e i— > a(l © e)). 

Proof. It is clear that the map Honif (i?, L) —> Hom^(L (g)^ E, L) given by taking <f> to the unique 
homomorphism that takes I ® e to I ® 4>{ e ) ls an inverse. □ 

Let p be a prime in V . Note that there is a natural homomorphism /3 p : Z p = hmZp lg /(pZ p n 
Zp lg ) n — > hmZ/p" given by embedding coordinate- wise. It is easy to see that this homomorphism is 
in fact an isomorphism. Therefore (3p extends to an isomorphism of Q p with Quot( ^m Z/p") (which 

fixes Qp lg pointwise as a subfield of both). I will continue to denote this extension /3 p . Let a : 
V — > Hom^aig(Q, Qp) be the mapping that takes p G V to the composition of Q — > Quot(hmZ/p n ) 

(induced by the homomorphism Z — > hjnZ/p ra given by the diagonal), and Z?^ 1 . 

Theorem 8.2. In the situation above, the mapping a is a bijection between V and Hom„ai g (Q, Q p ). 

Proof. By Lemma O with L = Q p , L = Q p , F = Qp lg , and E = Q, we see that Hom Q ai g (Q, %) is 
bijective with HomQ p (Q p <8>Qai g Q, Qp). We proceed to describe the latter set. 

Let Spec(Z <8> 2 «ig Z p ) — > Spec(Z p ) be the base change of Spec(Z) — > Spec(Zp lg ) to a formal local 
neighborhood of pZ p n Zp g . It is clear that Z ® isomorphic to © pg pZp. By base changing 

to the generic point of Z p , we get the morphism Spec(Z ® z «jg Qp) — > Spec(Q p ). Note that 

Z © z ai g Qp ^ © peP (Zp ® ip Qp) ^ ® peV Q p . 

Since HomQ p (© pe pQp, Q p ) is bijective to V, this proves the theorem. □ 

Theorem 8.3. In the situation above, let Xq — > be a G -Galois branched cover with field of 
moduli K relative to Q. Let p be a prime in V , and let a(p) : Q — > Qp be its corresponding embedding 
via Theorem \8.tH Let q be p n K. Let K' be the field of moduli of the base change Xq Xq Q p — > 
relative to Q p . Then the index of ramification of p in K' is equal to the index of ramification of q 
over p. 

Proof. Let e' be the index of ramification of -fT'/Qp, and let e be the index of ramification of q over 
p in the field extension K/<Q. 

By assumption K' is a subfield of Qp n (p^), where p~? is some e' th root of p in Q p . Since Qp 11 ^^ 7 ) 
has cohomological dimension 1, it follows that it is in fact a field of definition of Xq Xq Q p — > . 
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By Artin's Algebraization Theorem ([I]), it follows that Q p m (p^ r ) H Q is also a field of definition. 
Since the cover is defined by finitely many polynomials, it is in fact defined over some number field 
L C Qp n (p^) n Q. Since K is the intersection of all fields of definition of Xq -> P^ (see @]), it 

follows that K is a subfield of L. Therefore, we have that q C p~e T 'L p ul (p~e r ) n K. It follows that 
e < e'. 

Let j)e be some e th root of p in Qp. Notice that Gal(Q p /Q p m (pe )) is isomorphic to the inertia 
subgroup of a in Ga\(Q/K). Therefore the field of moduli of Xq Xq Q p — > P^ relative to Q p is 

contained in Qp D (p~)- Therefore e' < e, proving the theorem. □ 
9. Global Results on Ramification in the Field of Moduli 

Theorem 13.11 together with Theorem 18.31 suggest that by choosing Q-rational points a\ , a r of 
Pq carefully, we would be able to construct Galois covers of P^ with desirable fields of moduli. 
Theorems 19.11 and 19.61 in this section give global points with desirable local behavior. 

Theorem 9.1. Let G be a finite group. Then for every positive integer r there is a set T = 
{a±, ...,a r } of closed points o/P^, such that every G-Galois branched cover o/P^, that is ramified 
only over T , has a field of moduli that is unramified (over Q) outside of the primes dividing \G\. 

Proof. Let p be a prime that divides and let n be a natural number such that r < p n . Take 
T to be any subset with cardinality r of the set of (p n ) th roots of unity 1. It is easy to check that 
these points, viewed as horizontal divisors in P-, coalesce only over the prime p. Therefore, by 
Beckmann's result, we're done. □ 

Note that in Theorem 19.11 we put no restrictions on the branch points. Theorem 19.61 gives a 
global result if we further ask that the branch points be rational. In order to discuss the proof of 
Theorem 19.61 we need a few definitions. 

Definition 9.2. Local data (V, vq, E, e, rf) at p with r marks is a tree (V,E) equipped with the 
following extra structure: 

• A distinguished vertex v o G V (which we call the "root") 

• A function e : {1, r} — > V 

• A function r/ : E — > N 

such that for every vertex v, we have that 3 < deg(v) + < p + 1. 

Furthermore, for every e £ E we will say that 77(e) is the thickness of e. 

Definition 9.3. For Q-rational points a±, ...,a r o/Pq, and for p a prime of Z, we define the induced 
local data with r marks at p as the (V,vo,E,e,r]) defined as follows: 

• The set of vertices V is the set of components of the closed fiber of the stable marked model 
of^\ with marks {a±, a r }. 

• The root vq is the original component (see Definition ^. 3\ ). 

• The set of edges E connects two vertices if and only if there is a node connecting them in 
the stable reduction. 

• The function e assigns to i the irreducible component that meets a{. 

• The function n assigns to e the thickness of its corresponding node. 

In order to speak comfortably about local data, we will require some terminology. 

Definition 9.4. Let (V,VQ,E,€,rj) be local data at some prime p with r marks. For every vertex 
v define its minimal path T v to be the set of edges from the root to the vertex. The tail of an edge 
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e will mean the vertex lying on e that is closest to the root, and the head of e will mean the vertex 
on e that is farthest from the root. 

The following lemma will play a big role in the proof of Theorem 19,61 

Lemma 9.5. (local-global result) Let S C Spec(Z) be a finite set of primes, and let r be a natural 
number. For every prime p in S let (V p , vo tP , E p , e p , rj p ) be local data with r marks. Then there 
exist ^-rational points a±,...,a r o/Pq that induce the local data with r marks iy p ,VQ tP ,E p ,e p ,rj p ) 
for every prime p of S. 

Proof. We will do this by induction on \S\. Assume first that | *S' | = 1, and denote by p the only 
element of S. 

For the sake of simplicity, I will deal first with the case that the root has less than p + 1 edges 
coming out of it. Let c : E p — > {0, ...,p— 1} be some function that satisfies that if e and e' are edges 
that share a tail then c(e) ^ c(e'). Let k : {1, ...,r} — > {0, ...,p — 1} be some function that satisifies 
that if e p (i) = e p (j) then k(i) ^ k(j); and that for every for every i £ {1, ...,r}, and every edge e 
whose tail is e p (i), we have k{i) ^ c(e). For every vertex v let T v = (ei, ■■■,e c i) be the set of edges 
in the minimal path between the root and v, ordered from the edge closest to the root, to the edge 
farthest from the root. 

Let 

m = c(ei) + c(e 2 )p rip{ei) + c(e 3 )^ (ci)+ * (c2) + 
... + c ( ed y^i)+...+Ve d -i) + k{e p (i))p^ ei)+ - + ^ {ed) 

where e\, are the edges leading from the root to the vertex e p (i) in that order. It is easy to 
see that this choice induces the local data (V p ,Vo jP , E p ,e p ,r] p ). 

We now describe the situation where the root has p + 1 edges coming out of it. Let e be some 
edge whose head is the root. Removing e from the local data gives two trees. The tree that contains 
the root induces local data (Vp, v' 0p , E' p , e' p , rj p ). The tree which does not contain the root induces 
local data (V p , «q , E' p ' , e p , rf p ) by setting the tail of e as the root. As (Vp, v' 0p , E' p , e p , rj p ) satisfies 
that it has p edges coming out of its root, we may execute the algorithm described above to get 
global points oi, ...,a/ G Q. The local data (Vp,VQ ,Ep,e'p,rfp) also satisfies that it has < p edges 
coming out of its root, and so we may again execute the algorithm above to get global points 
a' l+1 , ...,a' r £ Q. Let ai + \,...,a r be l/p Vp ^a' l+1 , ...,l/p Vp( - e ^a' r respectively. It is easy to check that 
a%, a r induce the local data (V p , Vq >p , E p , e p , r] p ) at p. 

We now proceed by induction. Assume that &i, h r are global points that induce the local data 
(V p , i>o, P , E p , e p , rip) for every p £ S \ {q}. We will prove that there are global points a\, ...,a r that 
induce the local data (V p , Vq >p , E p , e p , r] p ) for every p G S. 

A key fact is that there exists a natural number M p such that if a\, ...,a r are global points such 
that a\ = b\ (modp Mp ) then a\,...,a r induces the local data (V p , Vq iP , E p , e p , rj p ) as well. Indeed, 
this M p be chosen to be 1 + maxi-tjVQ :P (bi — bj). 

Let c\,...,c r be global points that induce the local data (V q , t>o i(? , E q , e q , rj q ) at q. In light of the 
above, it suffices to find a\,...,a r such that = bi(mod Y\. P ^s^,{q} P Mp )i an d a i = Q (mod q Mq ) . 
The existence of a± , . . . , a r with these properties follows from the Chinese Remainder Theorem. 

□ 

Finally, we are ready for Theorem 19.61 

Theorem 9.6. Let G be a finite group. Then for every positive integer r, and for every finite set 
S of rational primes that don't divide \G\, there is a choice of Q-rational points T = {ai,...,a r } 
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such that every G-Galois etale cover o/Pq \ T has a field of moduli M that is unramified over the 
primes of S. 

Proof. For every p in 5, let (V p , i>o, P , E p , e p , r] p ) be local data at p such that all of the thicknesses 
are divisible by exp{Inn{G)). By Lemma 19.51 there exist global points ai,...,a r that induce the 
local data (V p , i>o, P , E p , e p , r] p ) at p, for every p in S. The theorem now follows from Theorem 18,31 
and Corollary 15.31 □ 

10. Vertical Ramification 

In this section we draw inspiration from Theorem 13 .1\ and prove a generalization of the following 
Theorem by Beckmann ([2]) on vertical ramification: 

Theorem 10.1. (Beckmann) Let K be the quotient field of a strictly henselian DVR R, of char- 
acteristic ; residue characteristic p > and uniformizing parameter t. Let a%, ...,a r be K -rational 
non-coalescing points on ¥ K . Then for every centerless group G of order prime to p, and every 
regular G-Galois branched cover of¥ K ramified only over a\, a r , the induced cover of¥ R has no 
vertical ramification (i.e., the divisor t of¥ R is unramified). 

Let K be the quotient field of a strictly henselian DVR R, of characteristic 0, residue characteristic 
p > and uniformizing parameter t. Fix an embedding of K into C. Let ai,...,a r be X-rational 

points on ¥ K . Let 5 G Gal(K)^' ' be the element such that U 4e m i m for every m coprime to 
p. Let o be a C-point of F K \ {oi, a r } lying over a K-rational point whose Zariski closure in F R 
doesn't intersect the Zariski closures of a\,...,a r . Let s : G&l(K)( p '^ — >• ^(P^ \ {a%, a r }, o) be 
the section induced by o. Let a\, a r be the images in 7r^(Pk \ {ai, ...,a r }) of a bouquet of loops 
in ^^((P^) 3,11 \ {a\, ...,a r },d) around ai,...,a r . Let G be a finite group, and let Xk — > W K be 
a G-Galois branched cover ramified over a\, ...,a r with branch cycle description (g\, ...,g r ). Since 
Xk — > P^ is defined over K, it follows that there exists an h G G such that s ^#i = ^<?j for 
i = 1, ...,r. Let Xr be the normalization of P^ in k(Xk). 

Theorem 10.2. In the situation above, the element h generates the inertia of some divisor above 
the vertical divisor in the cover Xr — > F R . 

Proof. Let P be the underlying iT-rational point of o. There exists an isomorphism between the 
strict henselization of the stalk of P^ at P and i?[[x]] alg . This induces a morphism 
Spec(i?[[x]] alg [±]) -> F K . Note that ^ / 1 (Spec(it:[[x]] alg [i])) ^ Z&'l Let A denote the topological 

generator of 7r^(Spec(-R[[x]] alg [j])) given by t™ i— > e for every m coprime to p. If H is 

a finite prime-to-p group, then the image of A in any a map 7i"i(Spec(ii[[x]] alg [j])) -» H is the 
generator of a divisor above (t) in the corresponding //-Galois branched cover of Spec(-R[[x]] alg ). It 
is easy to see that the map p : ir^ (Spec(i?[[x]] alg [i])) -»■ 7ri(P^\{ai,...,a r },o) -» G corresponds to 
a connected component of the cover Spec(i?[[x]] alg [i]) x P i_ X K Spec(i2[[x]] alg [±]), and that the 
image of any divisor above (t) in the induced cover of Spec(i?[[a;]] alg ) maps to a divisor above (t) 
in Xr. Since A i-> s(<5) in the homomorphism 7r / 1 (Spec(i?[[x]] alg [j])) — > ^(P^ \ {a±, a r }, o), it 
follows that p(A) = h generates the inertia of some divisor above (t) in Xr. □ 
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